Nonuniform strain distributions in a graphene lattice can give rise to uniform pseudomagnetic fields and associated pseudo-Landau levels without breaking time-reversal symmetry. We demonstrate that by inducing superconductivity in a nonuniformly strained graphene sheet, the lowest pseudo-Landau levels split by a pairing gap can be inverted by changing the sign of the pairing potential. As a consequence of this inversion, we predict that a Josephson π junction deposited on top of a strained graphene sheet exhibits one-dimensional gapless modes propagating along the junction. These gapless modes mediate single electron tunneling across the junction, giving rise to the 4π-periodic fractional Josephson effect.
I. INTRODUCTION
Coupling quantum Hall states with superconductivity [1] [2] [3] [4] [5] has been intensively studied recently as it provides a platform for exotic excitations such as Majorana fermions [6, 7] and parafermions [8] [9] [10] [11] . In contrast to the supercurrent in conventional Josephson junctions that is mediated by Cooper pairs, these elusive modes give rise to single electron or fractional charge tunneling, which results in a fractional Josephson effect [12, 13] with flux periodicity larger than 2π.
Magnetic field strengths normally required for the quantum Hall effect typically suppress proximity-induced superconductivity, which leads to challenges in attempting to couple these two phenomena. Instead of coupling superconductivity and quantum Hall states, an alternative is to couple superconductivity with quantum spin Hall states [14] , i.e., 2D time-reversal invariant topological insulators. The topological superconductor that emerges from this coupling gives rise to Majorana modes and the fractional Josephson effect [15] . Strong spinorbit coupling, an essential ingredient of the quantum spin Hall effect, is crucial for the occurrence of the fractional Josephson effect in this proposed realization.
In this paper we propose an alternative way of realizing the fractional Josephson effect that requires neither spin-orbit coupling nor a magnetic field. Our proposal relies on the recently demonstrated ability to engineer large uniform pseudomagnetic fields in graphene by applying nonuniform distributions of strain [16] [17] [18] [19] [20] [21] [22] . Just like a physical magnetic field in a 2D electron gas gives rise to the Hall effect and, upon quantization, Landau levels, in strained graphene the pseudomagnetic field leads to the valley Hall effect and pseudo-Landau levels [23] . Experimentally, strain-induced pseudomagnetic fields in excess of 300 Tesla have been reported in graphene nanobubbles [17, 24] . Strain-induced pseudo-Landau levels have also been observed in graphene grown by chemical vapor deposition [25] .
FIG. 1.
Josephson π junction in a graphene sheet with nonuniform uniaxial strain in the y direction (θ: superconducting phase, t: nearest neighbor electron hopping amplitude between atoms on A and B sublattices). We model the strain pattern by changing the hopping amplitudes on the vertical bonds (brown) by an amount δt ∝ y linearly increasing along the y direction and constant along the x direction. For the numerical diagonalization results (Fig. 3) we assume the junction is parallel to the zigzag chains (gray) indexed by an integer j. The π phase difference leads to an inverted pseudoLandau level structure near the Dirac points of the graphene bandstructure. As a result, a pair of counter-propagating gapless 1D modes appears near the center of the junction (red and blue arrows).
Coupling superconductivity to strained graphene modifies the pseudo-Landau levels [26] in a manner similar to how the Landau levels of a massless Dirac Hamiltonian are affected by the addition of a Dirac mass. In the Dirac-Landau problem a mass domain wall (i.e., an interface at which the Dirac mass changes sign) gives rise to a gapless chiral 1D mode that propagates along the domain wall [27, 28] and disperses in the otherwise empty intra-Landau-level bulk gap. Likewise here, we find that arXiv:1702.04826v2 [cond-mat.mes-hall] 24 May 2017 an interface at which the pairing term changes sign, i.e., a Josephson π junction, is accompanied by 1D gapless modes dispersing within the bulk pairing gap between the two lowest (zeroth) pseudo-Landau levels. These gapless modes in turn lead to a 4π energy-phase relation and the fractional Josephson effect.
II. MODEL OF STRAINED GRAPHENE
The device we consider is a Josephson junction between two s-wave superconducting electrodes deposited on top of a graphene sheet with nonuniform (linearly increasing) uniaxial strain ( Fig. 1) , for instance using the methods described in Ref. 29 . There are three vectors, a 1 = a( √ 3/2, 1/2), a 2 = a(− √ 3/2, 1/2) and a 3 = a(0, −1) that connect any atom on an A sublattice of the graphene lattice to the nearest neighboring atom on a B sublattice, where a is the closest distance between carbon atoms. In strained graphene, we assume the hopping amplitudes along a 1 and a 2 remain unmodified with value t, but the hopping amplitude along the a 3 direction is reduced as t − δt(y) [18, 30] where δt(y) ∝ y represents the effect of linearly increasing strain in the y direction. The Hamiltonian with nearest neighbor hopping is composed of two terms, H = H 0 + H s . The first is the usual nearest neighbor hopping term on the honeycomb lattice,
where r denotes sites of the underlying triangular Bravais lattice and σ =↑, ↓ is spin. The second represents a modification due to strain, and is given by
Eq. (1) can be expressed in momentum space as
Expanding the momentum k near the Dirac points
where |p| is small compared to the dimensions of the Brillouin zone allows us to rewrite H 0 as a Dirac Hamiltonian [18, 31, 32] in the ba-
More specifically, the effective low-energy Hamiltonian near the Dirac points is expressed as
describes linearly dispersing Dirac fermions with velocity v F ≡ (3/2)at. We use σ i and τ i , i = x, y, z to denote the Pauli matrices in sublattice (A and B) and valley (K + and K − ) space, respectively.
We now turn to the term H s in Eq. (2) 
where r = (x, y) now denotes the continuum position and c K± A,B,σ (r) is the continuum Fourier transform of c K± A,B,σ (p). In our choice of basis K ± · a 3 = 0, thus the strain Hamiltonian becomes
The full Hamiltonian for nonuniformly strained graphene in the continuum limit is given as
Comparing Eq. (4) and Eq. (7), the variation in hopping strength along the a 3 direction is equivalent to the substitution −i∂ x → −i∂ x + δt(y)τ z /v F . In other words, the strain in graphene generates a pseudo-vector potential [18, 30] along the x direction given by A s (r) = τ z δt(y)x/(ev F ). The Pauli matrix τ z in A s signifies that electrons in different valleys experience a pseudomagnetic field of the same magnitude but opposite sign. This comes from the fact that the pseudomagnetic field preserves time-reversal symmetry. One can indeed check that Eq. (7) is invariant under a time-reversal transformation T . Momentum changes sign under time reversal, which implies T τ z T −1 = −τ z because we exchange the valley K + to −K + = K − (modulo a reciprocal lattice vector) under time reversal. The sublattices A and B remain the same under time reversal, giving T σ x T −1 = σ x and T σ y T −1 = −σ y because T iT −1 = −i. Combining these results gives T HT −1 = H. Because a linearly increasing vector potential corresponds to a uniform magnetic field, we expect pseudoLandau levels to appear in Eq. (7). Writing the straininduced variation in hopping strength as δt(y) = ev F By where B is the pseudomagnetic field [33] , Eq. (7) becomes
Translation invariance in the x direction allows us to replace the momentum operator in the x direction by its eigenvalue p x , while translation invariance is broken by the strain pattern in the y direction. Equation (8) is almost the same as the Dirac Hamiltonian in a uniform magnetic field in the Landau gauge, except for the presence of τ z in the vector potential. To demonstrate the presence of pseudo-Landau levels, we define the dimensionless coordinate ξ ≡ l B p x +y/l B for the K + valley and 
By solving the eigenvalue problem Hψ n = E n ψ n , we obtain the pseudo-Landau levels as T for the K − valley, thus the wavefunctions for both valleys have support only on the A sublattice. This is in contrast to the case of a real magnetic field where the zeroth Landau level wavefunctions for the K + and K − valleys have support on the A and B sublattice, respectively. Support on the same sublattice in a pseudomagnetic field is one of the key reasons why an on-site pairing potential opens a superconducting gap in the zeroth pseudo-Landau level, as will be seen shortly.
III. PROXIMITY-INDUCED SUPERCONDUCTIVITY
To couple the pseudo-Landau levels with superconductivity, we add a proximity-induced pairing term ∆ to the Hamiltonian,
using ↑, ↓ to denote the physical spin. The full Hamiltonian with the pairing term included is SU (2) spin rotationally invariant and all eigenstates have an exact two-fold degeneracy; in the following we factor out this degeneracy and focus on solving the Hamiltonian in one of the two nondegenerate subspaces. This Hamiltonian can be expressed in the Nambu/Bogoliubov-de Gennes (BdG) basis
∆ is a dimensionless measure of the pairing gap. Diagonalizing Eq. (11), we obtain the energy spectrum as E n = ± v F √ 2l BẼ n whereẼ n ≡ |∆| 2 + n is dimensionless. The corresponding (unnormalized) eigenstate is given as ψ
T . The energy spectrum E n is the same as the Landau level spectrum of a massive Dirac Hamiltonian with mass∆. In a 2D topological insulator, a change of sign of the mass in the Dirac Hamiltonian is accompanied by band inversion. We thus expect the zeroth pseudo-Landau level to become inverted as the sign of the pairing term in Eq. (11) is reversed.
We verify this intuition by explicit calculation. The n = 0 pseudo-Landau level splits into dispersionless BdG bands E 0 = ±|∆| in the presence of the pairing gap |∆|. Writing the pairing potential as ∆ = |∆|e iθ , the corresponding wavefunction ψ(θ, E 0 ) of the zeroth pseudoLandau level with energy E 0 and phase θ is
The zeroth pseudo-Landau level wavefunction with energy E 0 = |∆| and phase θ = 0 is the same as the wavefunction with energy E 0 = −|∆| and phase θ = π. In other words,
Equation (13) is the main result of this work, and means that the zeroth pseudo-Landau level undergoes band inversion as the sign of the pairing potential is reversed. In experiment, reversing the sign of the pairing potential can be achieved by building a Josephson junction with a phase difference of π across the junction. For this reason, we consider a Josephson junction that is built on top of strained graphene as shown in Fig. 1 . We now analyze the energy-momentum relation of the zeroth pseudo-Landau level in a Josephson π junction. The zeroth pseudo-Landau level wavefunction is |0 ∝ exp(−ξ 2 /2), which peaks at ξ = 0. By setting ξ = 0, we locate the guiding center of the wavefunction at y 0 = −l 2 B p x . Assuming the pairing potential changes sign at y = 0, the pseudo-Landau levels at energy ±|∆| cross as the momentum p x goes from negative to positive (Fig. 2) . Figure 2 implies that when the zeroth pseudo-Landau level is inverted across the π junction, gapless modes appear within the pairing gap. We confirm this result achieved with a continuum model with that obtained from a lattice model. The energy-momentum relation of strained graphene with a π junction in a lattice model is shown in Fig. 3(a) . We consider a graphene lattice with translation invariance in the x direction but with a finite width with zigzag edges in the y direction as in Fig. 1 . We Fourier transform Eq. (1) and Eq. (2) along the x direction to wavevector space k x , which gives the tight-binding Hamiltonian of a strained graphene strip,
where j = 1, . . . , N is the lattice index along the y direction and y ≡ (3/2)a[j − (N + 1)/2] in δt(y). The proximity-induced pairing term becomes
To model a Josephson π junction, the pairing potential is expressed as ∆ = ∆ 0 e iθ where θ = 0 for y < 0 and θ = π when y > 0. Diagonalizing the total Hamiltonian H + H ∆ numerically, we find a crossing of the zeroth pseudo-Landau levels at the both the K + and K − Dirac points [ Fig. 3(a) ], consistent with our analysis of the continuum model (Eq. (13) and Fig. 2 ). This crossing results in gapless 1D propagating modes localized near the π junction [ Fig. 3(b)-(d) ] and appearing within the pairing gap. For energies near the Dirac point |Ẽ| |∆|, the gapless modes disperse linearly with momentumẼ ∝ ±p x . Since the guiding center of the zeroth pseudo-Landau wavefunctions is −l 2 B p x , in this lowenergy regime the spatial separation between the two counter-propagating modes is proportional toẼ.
IV. DISCUSSION
The 1D gapless modes mediate single electron tunneling, which leads to a fractional Josephson effect with a 4π energy-phase relation (Fig. 4 ). The pseudo-Landau level inversion in the π junction implies a zero-energy mode at the K + and K − points. Denoting by δθ the superconducting phase difference across the junction, the zero-energy mode E(δθ = π) = 0 at the K + or K − Dirac point implies 4π periodicity in the energy-phase relation of the junction. To demonstrate this effect, we fix the momentum k x = ±4π/(3 √ 3a) at one of the Dirac points K ± and diagonalize the total Hamiltonian H + H ∆ while varying the phase difference δθ. This gives the spectrum shown in Fig. 4 . Most of the pseudo-Landau levels do not disperse with δθ, except the zeroth level which has a 4π-periodic energy-phase relation. The supercurrent I s ∝ ∂E/∂(δθ) is proportional to the derivative of the total energy E with respect to the phase difference δθ, which means only the zeroth pseudo-Landau level contributes, giving rise to a 4π-periodic current-phase relation. In the absence of a π junction, the non-dispersing pseudo-Landau levels correspond to a flat band superconductor [34] .
The 4π-periodic Josephson effect is traditionally associated with unpaired Majorana fermions in 1D topological superconductors [12] . While in the topological superconductor two Majorana modes at opposite ends of a wire form a single zero-energy electronic state which mediates single-electron tunneling, in our case this is achieved by two zero-energy electronic states in each valley which are degenerate by SU (2) spin rotation symmetry. The zero-energy modes at the K + and K − Dirac points [see Fig. 3(a) ] can be expressed in terms of eight Majorana operators. Unlike in topological superconductors, however, such Majorana modes are not topologically protected.
In conclusion, we have shown that the zeroth pseudoLandau level induced by straining graphene in zero magnetic field can be inverted by a Josephson π junction, which reverses the sign of the pairing potential. As a consequence of pseudo-Landau level inversion, a pair of gapless counter-propagating 1D modes appears near the center of the junction. These gapless modes in turn lead to a 4π energy-phase relation, giving rise to the possibility of observing the fractional Josephson effect in strained graphene.
